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Some graft transformations and their applications on
distance (signless) Laplacian spectra of graphs ∗
Dandan Fan, Guoping Wang†
School of Mathematical Sciences, Xinjiang Normal University,
Urumqi, Xinjiang 830054, P.R.China
Abstract. Suppose that the vertex set of a connected graph G is V (G) = {v1, · · · , vn}.
Then we denote by TrG(vi) the sum of distances between vi and all other vertices of G. Let
Tr(G) be the n× n diagonal matrix with its (i, i)-entry equal to TrG(vi) and D(G) be the
distance matrix of G. Then QD(G) = Tr(G)+D(G) and LD(G) = Tr(G)−D(G) are respec-
tively the distance signless Laplacian matrix and distance Laplacian matrix of G. The largest
eigenvalues ρQ(G) and ρL(G) of QD(G) and LD(G) are respectively called distance signless
Laplacian spectral radius and distance Laplacian spectral radius of G. In this paper we give
some graft transformations and use them to characterize the tree T such that ρQ(T ) and
ρL(T ) attain the maximum among all trees of order n with given number of pendant vertices.
Key words: Distance (signless) Laplacian spectral radius; Transformations; Tree; Pendant
vertices
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1. Introduction
Let G be a simple connected graph with the vertex set V (G) = {v1, . . . , vn}. The distance
dG(u, v) between the vertices u and v is length of a shortest path between u and v in G.
For u ∈ V (G), the transmission TrG(u) of u is the sum of distances between u and all
other vertices of G. Let Tr(G) be the n × n diagnonal matrix with its (i, i)-entry equal
to TrG(vi) and D(G) be the distance matrix of G. Then QD(G) = Tr(G) + D(G) and
LD(G) = Tr(G)−D(G) are the distance signless Laplacian matrix and Laplacian matrix of
G respectively. The largest eigenvalues ρQ(G) and ρL(G) of QD(G) and LD(G) are distance
signless Laplacian spectral radius and distance Laplacian spectral radius of G, respectively.
The distance spectral radius of a connected graph has been studied extensively. S. Bose,
M. Nath and S. Paul [4] determined the unique graph with maximal distance spectral radius
in the class of graphs without a pendant vertex. G. Yu, Y. Wu, Y. Zhang and J. Shu
[16] obtained respectively the extremal graph and unicyclic graph with the maximum and
∗This work is supported by NSFC (No. 11461071).
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minimum distance spectral radius. W. Ning, L. Ouyang and M. Lu [10] characterized the
graph with minimum distance spectral radius among trees with given number of pendant
vertices. G. Yu, H. Jia, H. Zhang and J. Shu [15] characterized the unique graphs with the
minimum and maximum distance spectral radius among trees and graphs with given number
of pendant vertices. For more about the distance spectra of graphs see the surveys [3, 12] as
well as the references therein.
M. Aouchiche and P. Hansen introduced in [1] the distance Laplacian and distance signless
Laplacian spectra of graphs, and proved in [2] that the star Sn attains minimum distance
Laplacian spectral radius among all trees of order n. R. Xing and B. Zhou [13] gave the unique
graph with minimum distance and distance signless Laplacian spectral radii among bicyclic
graphs. R. Xing, B. Zhou and J. Li [14] determined the graphs with minimum distance
signless Laplacian spectral radius among the trees, unicyclic graphs, bipartite graphs, the
connected graphs with fixed pendant vertices and fixed connectivity, respectively. A. Niu, D.
Fan and G. Wang [11] determined the extremal graph with the minimum distance Laplacian
spectral radius among bipartite graphs with the fixed connectivity and matching numbers.
H. Lin and B. Zhou [7] characterized the unique graph with the minimum distance Laplacian
spectral radius among graphs with fixed number of pendant vertices and edge connectivity.
In this paper we give some graft transformations and use them to characterize the tree
T such that ρQ(T ) and ρL(T ) attain the maximum among all trees of order n with given
number of pendant vertices.
2. Some graft transformations and their applications
on distance Laplacian spectra
If x = (x1, x2, . . . , xn)
T then it can be considered as a function defined on the vertex set
V (G) = {v1, v2, . . . , vn} of a graph G which maps vertex vi to xvi , and so
xTLD(G)x =
∑
{u,v}⊆V (G)
dG(u, v)(x(u)− x(v))
2
which shows that LD(G) is positive semidefinite.
Suppose that x is an eigenvector of LD(G) corresponding to the eigenvalue µ. Then
for each v ∈ V (G), µx(v) =
∑
u∈V (G)
dG(u, v)(x(v) − x(u)). Clearly,
−→
1 = (1, 1, . . . , 1)T is an
eigenvector of LD(G) corresponding to the eigenvalue 0.
The union G1 ∪G2 of graph G1 and G2 is the graph with the vertex set V (G1) ∪ V (G2)
and the edge set E(G1) ∪ E(G2).
Now we give some graft transformations on distance Laplacian spectra of graphs.
Lemma 2.1. Let G = G1 ∪G2 ∪G3, where V (Gi) ∩ V (Gj) = v0 for 1 ≤ i 6= j ≤ 3 and
V (Gi) ≥ 2 for i = 1, 2, 3. Suppose that u ∈ V (G2)\{v0}. Let G˜ be the graph obtained from G
by moving G3 from v0 to u. Let x = (xv0 , xv1 , . . . , xvn−1)
T be a unit eigenvector corresponding
to ρL(G), where xvi = x(vi). Then we have the following
(i) ρL(G˜) ≥ ρL(G) if
∑
vi∈V (G3)\{v0}
∑
vj∈V (G1)
(xvi − xvj )
2 ≥
∑
vi∈V (G3)\{v0}
∑
vj∈V (G2)
(xvi − xvj )
2.
(ii) ρL(G˜) > ρL(G) if
∑
vi∈V (G3)\{v0}
∑
vj∈V (G1)
(xvi − xvj )
2 >
∑
vi∈V (G3)\{v0}
∑
vj∈V (G2)
(xvi − xvj )
2.
2
Proof. Let d0 = dG(u, v0). Then d0 = dG˜(u, v0) and for vi ∈ V (G3)\{v0}, vj ∈ V (G1),
dG˜(vi, vj) = dG(vi, vj)+d0; and for vi ∈ V (G3)\{v0}, vj ∈ V (G2), dG˜(vi, vj) ≤ dG(vi, vj)+d0.
Thus, by Rayleigh’s inequalities, we have
ρL(G˜)− ρL(G) ≥ x
T (LD(G˜)− LD(G))x
≥ d0
∑
vi∈V (G3)\{v0}
(
∑
vj∈V (G1)
(xvi − xvj )
2 −
∑
vj∈V (G2)
(xvi − xvj )
2)
from which we can see that both (i) and (ii) are true. 
Denote by NG(v) and by dG(v) the neighbours and the degree of the vertex v in graph
G, respectively. Denote by Trmax(G) the maximum transmission of vertices of G. In [9] M.
Nath and S. Paul pointed out that ρL(G) > Trmax(G) + 1.
Lemma 2.2. Suppose that P = v1v2 . . . vℓ is a path of order ℓ, and Sj be a star with the
center uj (j = 1, i, ℓ; 2 ≤ i ≤ ℓ − 1). Let H be a graph obtained from P by attaching the
center uj of Sj with vj for j = 1, i, ℓ as shown in Fig. 1, and Ht be the graph obtained from
H by moving Si from vi to vt (t = 1 or ℓ). Then max{ρL(H1), ρL(Hℓ)} > ρL(H).
Fig. 1. H
Proof. Let x = (xv1 , xv2 , · · · , xvn)
T be a unit eigenvector of H corresponding to ρL(H)
orthogonal to
−→
1 . Set S˜1 = V (S1) ∪ {v2, v3, . . . , vi−1}, S˜i = V (Si)\{vi} and S˜ℓ = V (Sℓ) ∪
{vi, vi+1, . . . , vℓ−1}.
We first take i = 2. If
∑
vm∈S˜2
∑
vj∈S˜1
(xvm−xvj )
2 >
∑
vm∈S˜2
∑
vj∈S˜ℓ
(xvm−xvj )
2, then by Lemma 2.1
(ii), we have ρL(Hℓ) > ρL(H). So we assume
∑
vm∈S˜2
∑
vj∈S˜ℓ
(xvm−xvj )
2 ≥
∑
vm∈S˜2
∑
vj∈S˜1
(xvm−xvj )
2.
Then by Lemma 2.1 (i), we have ρL(H1) ≥ ρL(H).
Now we suppose for a contradiction that ρL(H) = ρL(H1). Thus, x is also a unit eigen-
vector of H1 corresponding to ρL(H1). Then, for any vm ∈ S˜1, we have

ρL(H)xvm =
∑
vj∈S˜1
dH(vm, vj)(xvm − xvj ) +
∑
vj∈S˜2
dH(vm, vj)(xvm − xvj )
+
∑
vj∈S˜ℓ
dH(vm, vj)(xvm − xvj ),
ρL(H1)xvm =
∑
vj∈S˜1
dH1(vm, vj)(xvm − xvj ) +
∑
vj∈S˜2
dH1(vm, vj)(xvm − xvj )
+
∑
vj∈S˜ℓ
dH1(vm, vj)(xvm − xvj ).
Since dH(vm, vj) = dH1(vm, vj) for vj ∈ S˜1, dH(vm, vj) = dH1(vm, vj) for vj ∈ S˜ℓ and
dH(vm, vj) = dH1(vm, vj) + (i − 1) for vj ∈ S˜2, we can obtain from the above equations
that
(ρL(H)− ρL(H1))xvm = (i− 1)
∑
vj∈S˜2
(xvm − xvj ) = 0.
3
Let xS˜1 =
∑
v∈S˜1
xv, xS˜2 =
∑
v∈S˜2
xv and xS˜ℓ =
∑
v∈S˜ℓ
xv. Then we have xvm =
x
S˜2
|S˜2|
.
Similarly, we have xvk =
x
S˜2
|S˜2|
for any vk ∈ S˜ℓ.
We can see that on the one hand,
n∑
j=1
xvj = xS˜1 + xS˜2 + xS˜ℓ =
|S˜1|xS˜2
|S˜2|
+
|S˜ℓ|xS˜2
|S˜2|
+ x
S˜2
=
( |S˜1|+|S˜2|+|S˜ℓ|
|S˜2|
)x
S˜2
, and on the other hand,
n∑
j=1
xvj = 0, and so xS˜2 = 0.
If |S˜ℓ| 6= |S˜1| then we have xvp =
x
S˜ℓ
−x
S˜1
|S˜ℓ|−|S˜1|
for any vp ∈ S˜2, and so x(v) = 0 for any v ∈ S˜2,
which implies that x = {0, 0, . . . , 0}T . This contradiction shows that ρL(H1) > ρL(H).
If |S˜ℓ| = |S˜1| then we easily observe that Trmax(H1) = TrH1(vk), where vk is a pendent
vertex in Sℓ. For any vq, vp ∈ S˜2, we have

ρL(H1)xvq =
∑
vj∈S˜1
dH1(vq, vj)(xvq − xvj ) +
∑
vj∈S˜2
dH1(vq, vj)(xvq − xvj )
+
∑
vj∈S˜ℓ
dH1(vq, vj)(xvq − xvj ),
ρL(H1)xvp =
∑
vj∈S˜1
dH1(vp, vj)(xvp − xvj ) +
∑
vj∈S˜2
dH1(vp, vj)(xvp − xvj )
+
∑
vj∈S˜ℓ
dH1(vp, vj)(xvp − xvj ).
from which we obtain that (ρL(H1)−(TrH1(vp)+2))(xvq−xvp) = 0. We know that ρL(H1) >
TrH1(vk) + 1. By a simple computation we can know that TrH1(vk) > TrH1(vp) + 2, and so
xvq = xvp . But xS˜2 = 0, and so x(v) = 0 for any v ∈ S˜2, which implies that x = {0, 0, . . . , 0}
T .
This contradiction shows that ρL(H1) > ρL(H).
For the case i = ℓ−1, we can similarly prove that ρL(H1) > ρL(H) and ρL(Hℓ) > ρL(H).
Next we suppose that 3 ≤ i ≤ ℓ−2. If
∑
vm∈S˜i
∑
vj∈S˜ℓ
(xvm−xvj )
2 ≥
∑
vm∈S˜i
∑
vj∈S˜1
(xvm−xvj )
2, then let
H ′ = H−
∑
vj∈S˜i
vivj+
∑
vj∈S˜i
v2vj , and otherwise, letH
′ = H−
∑
vj∈S˜i
vivj+
∑
vj∈S˜i
vℓ−1vj . By Lemma
2.1, ρL(H
′) ≥ ρL(H). The former argument has shown that max{ρL(H1), ρL(Hℓ)} > ρL(H
′),
and so max{ρL(H1), ρL(Hℓ)} > ρL(H). 
A path u1 . . . ur (r ≥ 2) in a graph G is a pendant path at u1 if dG(u1) ≥ 3, dG(ui) = 2
(2 ≤ i ≤ r − 1) and dG(ur) = 1. If graphs X and Y are isomorphic then we write X ∼= Y ,
and otherwise X 6∼= Y .
Lemma 2.3. Let Gp,q be the graph obtained from a connected graph G of order at least
two by attaching two pendant paths P1 and P2 of length p and q respectively at a vertex u of
G. If q ≥ p ≥ 1, then ρL(Gp−1,q+1) > ρL(Gp,q).
Proof. Suppose that P1 = uu1u2 . . . up and P2 = uv1v2 . . . vq. Let S = V (G)\{u} and
P ′i = V (Pi)\{u} (i = 1, 2). Let x be a unit eigenvector of Gp,q corresponding to ρL(Gp,q)
orthogonal to
−→
1 .
If q > p, we suppose on the contrary that
∑
vi∈P ′2
∑
vk∈S
(xvi − xvk)
2 <
∑
vi∈P ′1
∑
vk∈S
(xvi − xvk)
2.
Since Gp,q ∼= Gq,p, it follows from Rayleigh’s inequalities that
0 = ρL(Gq,p)− ρL(Gp,q) ≥ x
T (LD(Gq,p)− LD(Gp,q))x
≥ (q − p)(
∑
vi∈V (P1)
∑
vk∈S
(xvi − xvk)
2 −
∑
vi∈P ′2
∑
vk∈S
(xvi − xvk)
2)
4
≥ (q − p)(
∑
vi∈P ′1
∑
vk∈S
(xvi − xvk)
2 −
∑
vi∈P ′2
∑
vk∈S
(xvi − xvk)
2) > 0.
This contradiction shows that
∑
vi∈P ′2
∑
vk∈S
(xvi − xvk)
2 ≥
∑
vi∈P ′1
∑
vk∈S
(xvi − xvk)
2.
Now we suppose that p = q. Since P1 and P2 have the same order, we can exchange the
labels of P1 and P2, and so we can assume that
∑
vi∈P ′2
∑
vk∈S
(xvi − xvk)
2 ≥
∑
vi∈P ′1
∑
vk∈S
(xvi − xvk)
2.
Note that
ρL(Gp−1,q+1)− ρL(Gp,q) ≥ x
T (LD(Gp−1,q+1)− LD(Gp,q))x
≥
∑
vi∈V (P2)
∑
vk∈S
(xvi − xvk)
2 −
∑
vi∈P ′1
∑
vk∈S
(xvi − xvk)
2
≥
∑
vi∈P ′2
∑
vk∈S
(xvi − xvk)
2 −
∑
vi∈P ′1
∑
vk∈S
(xvi − xvk)
2.
Therefore, ρL(Gp−1,q+1) ≥ ρL(Gp,q).
Now we suppose for a contradiction that ρL(Gp−1,q+1) = ρL(Gp,q). Thus, x is also a unit
eigenvector of Gp−1,q+1 corresponding to ρL(Gp−1,q+1). Then, for any vm ∈ P
′
1, we have

ρL(Gp,q)xvm =
∑
vi∈P ′1
dGp,q(vm, vi)(xvm − xvi) +
∑
vi∈V (P2)
dGp,q(vm, vi)(xvm − xvi)
+
∑
vi∈S
dGp,q(vm, vi)(xvm − xvi),
ρL(Gp−1,q+1)xvm =
∑
vi∈P ′1
dGp−1,q+1(vm, vi)(xvm − xvi) +
∑
vi∈V (P2)
dGp−1,q+1(vm, vi)(xvm − xvi)
+
∑
vi∈S
dGp−1,q+1(vm, vi)(xvm − xvi).
Since dGp−1,q+1(vm, vi) = dGp,q(vm, vi) for vi ∈ P
′
1, dGp−1,q+1(vm, vi) = dGp,q(vm, vi) for vi ∈
V (P2) and dGp−1,q+1(vm, vi) = dGp,q(vm, vi)− 1 for vi ∈ S, we can obtain that
(ρL(Gp−1,q+1)− ρL(Gp,q))xvm = −
∑
vi∈S
(xvm − xvi) = 0.
Let xP ′
1
=
∑
v∈P ′
1
xv, xP2 =
∑
v∈V (P2)
xv and xS =
∑
v∈S
xv. Note that |S| = n− p− q− 1. Thus,
from the above equation, we have xvm =
xS
n−p−q−1
.
Similarly, we have xvk =
xS
n−p−q−1
for vk ∈ V (P2) and xvp =
xP ′
1
−xP2
p−q−1
for vp ∈ S.
We can see that on the one hand,
∑
v∈Gp,q
xv = xP ′
1
+ xP2 + xS =
nxS
n−p−q−1
, and on the other
hand,
∑
v∈Gp,q
xv = 0, and so xS = 0, which implies that x = {0, 0, . . . , 0}
T . This contradiction
shows that ρL(Gp−1,q+1) > ρL(Gp,q). 
As one application of above transformations we next determine the tree and graph that
attain the maximum distance Laplacian spectral radius among all trees and graphs of order
n with given number of pendant vertices, respectively.
Denote by T (n, k; t1, t2) the graph obtained from a path Pℓ of order ℓ (ℓ ≥ 2) by attaching
t1 edges at an end of Pℓ and t2 edges at other end of Pℓ, where t1 + t2 = k and ℓ + k = n.
Clearly, Pn ∼= T (n, 2; 1, 1). Let D(n, k) = {T (n, k; t1, t2)| t1 ≥ 1, t2 ≥ 1 and t1 + t2 = k ≥ 2}.
Let T(n, k) = {T | T is a tree of order n with k pendant vertices, n− 2 ≥ k ≥ 2}.
Theorem 2.4. The tree which attains the maximum distance Laplacian spectral radius
in T(n, k) belongs to D(n, k).
Proof. Suppose that T is a tree in T(n, k), and let n3T be the number of vertices which
are of degree at least three in T . If n3T = 0 then T
∼= T (n, 2; 1, 1). So we assume n3T ≥ 1, and
5
let A = {w1, w2, . . . , wn3
T
} be the set of all vertices in T which are of degree at least three.
Next we distinguish the following three cases to discuss.
Case 1. n3T = 1.
If T ∼= T (n, k; 1, k − 1) then the proof is finished, and otherwise T must contain two
pendant paths T1 and T2 of order at least three. Suppose T1 = w1u1 . . . us (s ≥ 2) and
T2 = w1v1 . . . vt (t ≥ 2), and let T = T1∪T2∪T3, where V (Ti)∩V (Tj) = w1 for 1 ≤ i 6= j ≤ 3.
Without loss of generality we can assume that s ≥ t. Let T ′ = T − vt−1vt + usvt. Then
T ′ ∈ T(n, k), and by Lemma 2.3, ρL(T
′) > ρL(T ). Continuing the above process, we can
finally see that ρL(T (n, k; 1, k − 1)) > ρL(T ).
Case 2. n3T = 2.
In this case T contains exactly two vertices w1 and w2 of degrees at least three. Suppose
that P = w1v1 . . . vtw2 is the internal path in T . If T ∈ D(n, k) then the proof is finished,
and otherwise T must contain a pendant path T2 of order at least three. Suppose that
T2 = w1u1 . . . us (s ≥ 2), and let T = T1∪T2∪T3, where V (Ti)∩V (Tj) = w1 for 1 ≤ i 6= j ≤ 3,
NT (w1)\{u1, v1} ⊂ V (T1) and w2 ∈ V (T3), as in Fig. 2.
Fig. 2. T = T1 ∪ T2 ∪ T3
If
∑
vi∈V (T1)
∑
vj∈V (T3)
(xvi − xvj )
2 ≥
∑
vi∈V (T1)
∑
vj∈V (T2)
(xvi − xvj )
2, then let T ′ = T −
∑
vj∈V (T1)
w1vj +∑
vj∈V (T1)
us−1vj , and otherwise T
′ = T −
∑
vj∈V (T1)
w1vj +
∑
vj∈V (T1)
w2vj .
Suppose that the former rises. Then T ′ ∈ T(n, k), but the number of pendant paths of
length at least two in T ′ is fewer than in T . Continuing the above process, we finally get
a resulting graph T (n, k; t1, t2). By the above argument, we know that ρL(T (n, k; t1, t2)) ≥
ρL(T ), with equality if and only if T ∼= T (n, k; t1, t2).
So we assume that the latter rises. Then n3T ′ = 1. If T
′ ∼= T (n, k; 1, k − 1) then T ∼= H ,
where H is shown in Fig. 1. By Lemma 2.2, ρL(T (n, k; 1, k − 1)) > ρL(T ). If T
′ 6∼=
T (n, k; 1, k − 1) then the Case 1 has shown that ρL(T (n, k; 1, k − 1)) > ρL(T
′). By Lemma
2.1, ρL(T
′) ≥ ρL(T ), and so ρL(T (n, k; 1, k − 1)) > ρL(T ).
Case 3. n3T ≥ 3.
Without loss of generality we can assume that dT (w1, w2) = max{dT (wp, wq) | 1 ≤ p 6=
q ≤ n3T}. Let T = T1 ∪ T2 ∪ T3, where V (Ti) ∩ V (Tj) = w3 (1 ≤ i 6= j ≤ 3), w1 ∈ T1 and
w2 ∈ T2.
If
∑
vi∈V (T3)\{w3}
∑
vj∈V (T1)
(xvi − xvj )
2 ≥
∑
vi∈V (T3)\{w3}
∑
vj∈V (T2)
(xvi − xvj )
2, then let T 1 = T −
∑
vj∈NT3 (w3)
w3vj +
∑
vj∈NT3 (w3)
w2vj, and otherwise T
1 = T −
∑
vj∈NT3 (w3)
w3vj +
∑
vj∈NT3 (w3)
w1vj.
It is obvious that T 1 ∈ T(n, k), but n3
T 1
= n3T − 1. After making some r steps of the
transformation, we can get a resulting graph T r ∈ T(n, k), but n3T r = 2.
If T r ∈ T (n, k; t1, t2) ∈ D(n, k), then T
r−1 ∼= H , where H is shown in Fig. 1. By Lemma
2.2, ρL(T
r) > ρL(T
r−1). Lemma 2.1 shows that ρL(T
r−1) ≥ ρL(T ), and so ρL(T
r) > ρL(T ).
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If T r 6∈ D(n, k) then the Case 2 has shown that there is some T (n, k; t1, t2) ∈ D(n, k) such
that T (n, k; t1, t2) > ρL(T
r). By Lemma 2.1, ρL(T
r) ≥ ρL(T ), and so T (n, k; t1, t2) > ρL(T ).

Lemma 2.5 [1]. If u and v are two non-adjacent vertices of graph G, then ρL(G+uv) ≤
ρL(G).
Let ℜ(n, k) = {G| G is a graph of order n with k ≥ 2 pendant vertices}.
Theorem 2.6. The graph with the maximum distance Laplacian spectral radius in ℜ(n, k)
lies to D(n, k).
Proof. Suppose that G ∈ ℜ(n, k) and that H is a spanning tree of G. Then by Lemma
2.5, ρL(H) ≥ ρL(G). Let K(H) denote the number of pendant vertices in the tree H . Then
K(H) ≥ k. Theorem 2.4 has told us that there is a tree T (n,K(H);n1, n2) ∈ D(n,K(H))
such that ρL(T (n,K(H);n1, n2)) ≥ ρL(H). If K(H) = k then the proof is finished, and
otherwise we can construct a tree T ∈ T(n, k) obtained from H by deleting K(H) − k
pendant edges and then attaching them with the remaining pendant edges. By Lemma 2.3,
ρL(T ) > ρL(T (n,K(H);n1, n2)). It follows from Theorem 2.4 that there is a tree T (n, k; t1, t2)
such that ρL(T (n, k; t1, t2)) > ρL(T ) and so ρL(T (n, k; t1, t2)) > ρL(G). 
As one consequence of the above argument, we directly have
Theorem 2.7. If G ∈ ℜ(n, 3) attains the maximum distance Laplacian spectral radius
then G ∼= T (n, 3; 1, 2).
3. Some graft transformations and their applications
on distance signless Laplacian spectra
Suppose thatG is a connected graph with V (G) = {v1, v2, . . . , vn}. Let x = (xv1 , xv2 , . . . , xvn)
T ,
where vi corresponds to xvi for i = 1, 2, . . . , n. Then
xTQD(G)x =
∑
{u,v}⊆V (G)
dG(u, v)(x(u) + x(v))
2
which shows that QD(G) is positive definite for n ≥ 3.
Suppose that x is an eigenvector of QD(G) corresponding to the eigenvalue λ. Then for
each v ∈ V (G), λx(v) =
∑
u∈V (G)
dG(u, v)(x(u) + x(v)).
If x > 0 satisfies QD(G)x = ρQ(G)x then we call x the Perron vector of QD(G) corre-
sponding to ρQ(G).
Now we give some graft transformations on distance signless Laplacian spectra of graphs.
Lemma 3.1. Let G = G1 ∪G2 ∪G3, where V (Gi) ∩ V (Gj) = v0 for 1 ≤ i 6= j ≤ 3 and
V (Gi) ≥ 2 for i = 1, 2, 3. Suppose that u ∈ V (G2)\{v0}, and let G˜ be the graph obtained from
G by moving G3 from v0 to u. Let x = (xv1 , xv2 , · · · , xvn)
T be a Perron vector corresponding to
ρQ(G), where xvi = x(vi). If
∑
vi∈V (G3)\{v0}
∑
vj∈V (G1)
(xvi+xvj )
2 ≥
∑
vi∈V (G3)\{v0}
∑
vj∈V (G2)
(xvi+xvj )
2,
then ρQ(G˜) > ρQ(G).
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Proof. It can be easily observed that dG(u, v0) = dG˜(u, v0) and that for vi ∈ V (G3)\{v0},
vj ∈ V (G1), dG˜(vi, vj) = dG(vi, vj) + dG(u, v0); and for vi ∈ V (G3)\{v0}, vj ∈ V (G2),
d
G˜
(vi, vj) ≤ dG(vi, vj) + dG(u, v0).
Thus, by Rayleigh’s inequalities we have
ρQ(G˜)− ρQ(G) ≥ x
T (QD(G˜)−QD(G))x
≥ dG(u, v0)
∑
vi∈V (G3)\{v0}
(
∑
vj∈V (G1)
(xvi + xvj )
2 −
∑
vj∈V (G2)
(xvi + xvj )
2)
≥ 0.
Suppose on the contrary that ρQ(G˜) = ρQ(G). Then x
TQD(G)x = ρQ(G˜).
Therefore, (ρQ(G˜)−ρQ(G))xv0 =
∑
vk∈V (G3)\{v0}
dG(u, v0)(xv0+xvk) > 0. This contradiction
shows that ρQ(G˜) > ρQ(G). 
Lemma 3.2 [6]. Let Gp,q be the connected graph obtained from a graph G of order at
least two by attaching two pendant paths of length p and q at a vertex u of G. If q ≥ p ≥ 1,
then ρQ(Gp−1,q+1) > ρQ(Gp,q).
As one application of above transformations we determine the tree and graph that attain
the maximum distance signless Laplacian spectral radius in T(n, k) and ℜ(n, k), respectively.
Theorem 3.3. The tree which attains the maximum distance signless Laplacian spectral
radius in T(n, k) belongs to D(n, k).
Proof. Suppose that T0 is a tree with the maximum distance signless Laplacian spectral
radius in T(n, k). It is clear that if k = 2 then T0 ∼= T (n, 2; 1, 1) and that if k = 3 then
T0 ∼= T (n, 3; 1, 2). So we assume k ≥ 4. Let n
3
T0
be the number of vertices which are of
degree at least three in T0. Then n
3
T0
≥ 1. Let A = {w1, w2, . . . , wn3
T0
} be the set of all
vertices in T0 which are of degree at least three.
Suppose that n3T0 = 1. Then dT0(w1) ≥ 3. If T0 6
∼= T (n, k; 1, k − 1) then there must be
two pendant paths of length at least two at w1, say, P1 = w1u1 . . . us and P2 = w1v1 . . . vt
(s ≥ t ≥ 2). Let T ′0 = T0 − vt−1vt + usvt. Then T
′
0 ∈ T(n, k), and by Lemma 3.2, we have
ρQ(T
′
0) > ρQ(T0). This contradicts the maximality of T0, and so T0
∼= T (n, k; 1, k − 1).
Next we assume n3T0 ≥ 2 and verify the following two claims.
Claim 1. n3T0 = 2.
Suppose for a contradiction that n3T0 ≥ 3. Then w3 ∈ A. Let dT0(w1, w2) = max{dT0(wp, wq) |
1 ≤ p 6= q ≤ n3T0}. Then we can let T0 = T1 ∪ T2 ∪ T3, where V (Ti) ∩ V (Tj) = w3
(1 ≤ i 6= j ≤ 3) and w1 ∈ T1, w2 ∈ T2.
If
∑
vi∈V (T3)\{w3}
∑
vj∈V (T1)
(xvi − xvj )
2 ≥
∑
vi∈V (T3)\{w3}
∑
vj∈V (T2)
(xvi − xvj )
2, then let T ′0 = T0 −∑
vj∈NT3 (w3)
w3vj +
∑
vj∈NT3 (w3)
w2vj , and otherwise T
′
0 = T0 −
∑
vj∈NT3 (w3)
w3vj +
∑
vj∈NT3 (w3)
w1vj .
Thus, T ′0 ∈ T(n, k), and by Lemma 3.1, ρL(T
′
0) > ρL(T0). This contradicts the maximality
of T0, and so n
3
T0
= 2.
This shows that T0 consists of a path with its two end vertices w1 and w2 attached some
pendant paths respectively.
Claim 2. All pendant paths in T0 are of length one.
Let P = w1v1 . . . vtw2 be the internal path in T0. Suppose on the contrary that T2 =
w1u1 . . . us is a pendant path of length s ≥ 2. Let T0 = T1∪T2∪T3, where V (Ti)∩V (Tj) = w1
for 1 ≤ i 6= j ≤ 3, NT0(w1)\{u1, v1} ⊂ V (T1) and w2 ∈ V (T3), as in Fig. 2.
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If
∑
vi∈V (T1)
∑
vj∈V (T3)
(xvi−xvj )
2 ≥
∑
vi∈V (T1)
∑
vj∈V (T2)
(xvi−xvj )
2, then let T ′0 = T0−
∑
vj∈V (T1)
w1vj+∑
vj∈V (T1)
us−1vj , and otherwise T
′
0 = T0 −
∑
vj∈V (T1)
w1vj +
∑
vj∈V (T1)
w2vj . Then T
′
0 ∈ T(n, k) and
by Lemma 3.1, ρQ(T
′
0) > ρQ(T0), which contradicts the maximality of T0.
The Claims 1 and 2 show that T0 ∈ D(n, k). 
Lemma 3.4 [8]. If u and v are two non-adjacent vertices of graph G, then ρQ(G+uv) >
ρQ(G).
Theorem 3.5. The graph with the maximum distance signless Laplacian spectral radius
in ℜ(n, k) lies to D(n, k).
Proof. Suppose that graph G ∈ ℜ(n, k), and that H is a spanning tree of G. Then
by Lemma 3.4, ρQ(H) > ρQ(G). Let K(H) denote the number of pendant vertices in the
tree H . Then K(H) ≥ k. Theorem 3.3 has told us that ρQ(T (n,K(H);n1, n2)) ≥ ρQ(H),
with equality if and only if H ∼= T (n,K(H);n1, n2), where K(H) = n1 + n2. If K(H) = k
then the proof is finished, and otherwise we can construct a tree T ∈ T(n, k) obtained from
T (n,K(H);n1, n2) by deleting K(H) − k pendant edges and then attaching them with the
remaining pendant edges. By Lemma 3.2, ρQ(T ) > ρQ(T (n,K(H);n1, n2)). By Theorem
3.3, there exist some T (n, k; t1, t2) ∈ D(n, k) such that ρQ(T (n, k; t1, t2)) > ρQ(T ). Thus,
ρQ(T (n, k; t1, t2)) > ρQ(G). 
As one consequence of the above argument, we directly have
Theorem 3.6. If G ∈ ℜ(n, 3) attains the maximum distance signless Laplacian spectral
radius then G ∼= T (n, 3; 1, 2).
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